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Dass, Qureshi, and Sheel conjecture that the lower bound in the Heisenberg-Robertson uncer- 
tainty relation cannot be reached in mixed states. The conjecture is wrong. 


The Heisenberg-Robertson uncertainty relation, 
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sets a lower bound on the product of the spreads 
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of two hermitian observables A and B, where the ex- 
pectation values refer to a state specified by a statistical 
operator p, as exemplified by 


(A) = tr{Ap} . 
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All of this is familiar textbook fare, of course; see, for 
example, Sec. 4.7 in [ij. 

First Sheel and Qureshi Q and then Dass, Qureshi, 
and Sheel |3j conjectured that, for SA SB > 0, the lower 
bound in (fT]) can only be reached if the state is pure, 
that is p 2 — p. The following simple counter example 
demonstrates that the conjecture is wrong. 

Consider the hermitian observables 
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together with the mixed-state statistical operator 
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where |1), |2), |3) arc three kets from an orthonormal 
basis, and (1|, (2|, (3| are the corresponding bras. For 
these, we have 


(SAf = (SBf= 1 -\(i[A,B]) 
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and the lower bound in ([T]) is reached, indeed. 

R is easy to construct more counter examples. As the 
standard derivation of ([T]) shows, the main ingredient is 


an operator A+iB that is not normal and has degenerate 
eigenvalues. 

The alleged proof of the conjecture in [3] relies crucially 
on the wrong assertion |5| that eigenkets of A + \B are 
necessarily simultaneous eigenkets of A and B. In the 
example above, ket |1) is an eigenket of A + \B, but it is 
not an eigenket of A or of B. 

The single counter example of (JI|)-(j7|) should suffice. 
But, just in case, here are two more counter examples, 
one for angular-momentum states, the other for gaussian 
states, two of the situations considered in (HQ. 

For the angular momentum vector operator J with 
cartesian components J x , J y , J z , we denote the joint 
eigenkets of J 2 and J z by \j, m) as usual. The equal sign 
holds in ((T|) for the pair of observables A — J x , B = J y 
and the mixed-state statistical operator 


P=-(|0,0)(0,0| + |1,1)(1,1|) 
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For a Heisenberg pair X, P with [X, P] = ih, we denote 
by | a) the ket with position wave function 


ip a (x) = (k/tt) 
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where a is real and k is a fixed positive constant. The 
equal sign holds in (fT]) for the pair of observables 


A = XP + PX , B = (hnX) 2 - P 2 

and the mixed-state statistical operator 
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with a =/= 0. 
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